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The quantum dynamics of carriers bound to helical tube surfaces is investigated in a thin-layer
quantization scheme. By numerically solving the open-boundary Schro¨dinger equation in curvilinear
coordinates, geometric effect on the coherent transmission spectra is analysed in the case of single
propagating mode as well as multimode. It is shown that, the coiling endows the helical nanotube
with different transport properties from a bent cylindrical surface. Fano resonance appears as a
purely geometric effect in the conductance, the corresponding energy of quasibound state is obviously
influenced by the torsion and length of the nanotube. We also find new plateaus in the conductance.
The transport of double-degenerate mode in this geometry is reminiscent of the Zeeman coupling
between the magnetic field and spin angular momentum in quasi-one-dimensional structure.
PACS Numbers: 73.22.Gk, 73.23.Ad, 73.63.Fg
I. INTRODUCTION
The realization of growing quasi-two-dimensional sur-
faces of arbitrary shape in nanoscale helps people find
new physical effects which are originated from the topol-
ogy. Many intriguing phenomena associated with the
surface curvatures, such as electron localization[1-3],
Aharonov-Bohm oscillations[4,5] and anisotropic magne-
toresistance[6], have been investigated. Briefly speaking,
in both theoretical and experimental fields scientists have
accomplished essential developments for the curved two-
dimensional (2D) systems.
To describe a particle confined to a curved surface,
there is a triumphant approach that is introduced by
Jensen and Koppe[7] and da Costa[8] (JKC). In this ap-
proach a confining potential is introduced to squeeze[9]
the particle on curved surface. The introduced poten-
tial gives rise to that the quantum excitation energies
in the direction normal to the surface are substantially
larger than those in the tangential directions. Hence one
can reasonably neglect the particle motion in the nor-
mal direction, and focus on the effective and dimension-
ally reduced equation. It is a great achievement to the
JKC method that a curvature-induced potential appears
in the effective 2D equation. The induced potential is the
well-known geometric potential. The JKC approach has
been successfully applied to many nanostructures with
different geometries, such as rolled-up nanotubes[6,10],
Mo¨bius stripes[3,11] and helicoidal ribbon[12]. And the
method is also proved by experimental results[13-15],
such as the geometric effects on electron states[15], on
proximity effects[16], and on the transport in photonic
topological crystals[17].
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In past decades, various interesting properties in car-
bon nanotubes have been widely and deeply studied,
such as quantum transport and conductance[18-24], size
effects[25-27]. Quantum transmission is a natural prop-
erty of nanostructure devices, in which the topological
effect is considerable. Recently, the geometric effects on
the coherent electron transport have been investigated
in bent cylindrical surfaces[28], and in the surface of a
truncated cone[29]. Additionally, the curvature effects
on vitrification behavior has been discussed for polymer
nanotubes[30]. In the nanotubes the geometrical cur-
vature plays an important role to influence their quan-
tum properties. At the same time, in twisted nanoscale
systems some quantum properties and phenomena have
been studied, such as bound states[31-33], coherent elec-
tron transport[32,34], spin-orbit coupled electron[35]. In
terms of those investigations, one can realize that the
torsion-induced effect is significant to the quantum prop-
erties of the twisted systems. Consequently, in the
present study we will investigate the coherent electron
transport in helically coiled nanotubes (hereafter referred
to as helical nanotubes) with finite length.
In this work, we treat the electron states in the ef-
fective mass approximation, which is valid for the con-
ventional semiconducting nanotubes. The ballistic 1D
transport in nanotubes has been demonstrated by several
experiments[36-38]. In the case of semiconducting heli-
cal nanotubes, by taking into account the local change
of electronic property[39,40] induced by geometric defor-
mation, the envelope-function approach can still be used.
Electron localization caused by the mixing of σ and π
states are presented by the effective geometric potential
in this approach. We will employ quantum transmitting
boundary method (QTBM)[41] to numerically solve the
transmission probability. This method is capable of solv-
ing open-boundary transmission problems for arbitrary
internal geometries, since it can be generalized to include
2the metric tensor of the system[28,32].
In the calculational procedure, it is treated as that
the two components of effective mass tensor[42,43] in two
directions on the surface of 2D nanotubes are equal. To
avoid misunderstanding, we stress that in our analysis,
only the geometric chirality associated with torsion is
considered and discussed, the effect of the chirality of
atomic structure is ignored.
This work is structured as follows. In Sec. II, we out-
line the mathematical description of an electron confined
to the surface of a helical tube, and analyse the geo-
metric potential and modes in leads. In Sec. III, we
numerically calculate the transmission probability in he-
lical nanotubes and discuss the relationship between the
transport and the symmetries in the helical system. In
Sec. IV, the conductance at zero temperature is pre-
sented. Finally, in Sec. V, we have a brief summary.
II. MODEL
A. Quantum dynamics of a particle constrained on
a helical tube surface
One can construct a helical tube (as shown in Fig.
1) by moving a disk with radius ρ0 along a helical line
parametrized as x(s). To describe this geometry we in-
troduce the Frenet frame vectors t, n and b which satisfy

 t˙n˙
b˙

 =

 0 κ(s) 0−κ(s) 0 τ(s)
0 −τ(s) 0



 tn
b

 , (1)
where t, n and b are the unit tangent vector, normal
vector and binormal vector of x(s), respectively, the dot
denotes derivative with respect to the natural parameter
s, and κ(s) and τ(s) are the curvature and torsion of
x(s), respectively. During the disk moving along x(s),
the disk is always orthogonal to t, on the disk plane n
and b shift due to τ(s). It is convenient to define two
new vectors
N = cosθ(s)n + sinθ(s)b, (2)
B = −sinθ(s)n+ cosθ(s)b, (3)
where the angle θ(s) = − ∫ s
s0
τ(s′)ds′.
In this new frame, N and B are fixed on the disk. The
relation Eq.(1) becomes
 t˙N˙
B˙

 =

 0 ξ(s) −η(s)−ξ(s) 0 0
η(s) 0 0



 tN
B

 , (4)
where ξ(s) = κ(s)cosθ(s), η(s) = κ(s)sinθ(s). Conse-
quently, points on the tube surface can be parametrized
as
R(s, φ) = x(s)− ρ0[sin(φ)B+ cos(φ)N], (5)
FIG. 1. (Color online) Surface of a helical tube with
two straight cylinders at the two ends. The geometry is
parametrized by s and φ.
where φ is the angular position of the point on the edge
of the disk.
It’s straightforward now to get the metric tensor of the
tube surface by using the definition gij =
∂R
∂qi
· ∂R
∂qj
and
the relation Eq.(4),
gij =
(
w2 0
0 ρ20
)
i, j = 1, 2, (6)
where w = 1 + ρ0κ(s)cos[φ + θ(s)] and q
1, q2 refer to s
and φ, respectively. Besides, the Weingarten curvature
matrix is also obtained
αij =
(
κ(s)cos(φ+θ(s))
w
0
0 1
ρ0
)
. (7)
By means of the matrix above, it is easy to obtain the
mean curvature M = 12 tr(α) and Gaussian curvature
K = det(α).
Following da Costa[8] the well-known geometric poten-
tial is
Vg = − h¯
2
2µ
(M2 −K) = − h¯
2
8µρ20w
2
, (8)
where µ is the effective mass of carrier. For comparison
with Ref.[28], µ = 0.173me, with me the free electron
mass.
In the effective-mass approximation, the envelop func-
tion associated to the energy E is described by the time
independent Schrodinger equation
Eψ = − h¯
2
2µ
1√
g
∂i(
√
ggij∂jψ) + Vgψ, (9)
where ψ is a wave function and the repeated index sum-
mation convention is used. In our case, κ and τ are
3FIG. 2. (Color online) The geometric potential of Sh as
a function of the curvilinear coordinates s and φ, with
κ=0.3nm−1, ρ0=1.55nm, τ=0.2nm
−1. Along the direction
of the arrows the geometric potential has a constant value.
supposed as constants, the corresponding Hamiltonian in
the curvilinear coordinate system (s, φ) can be explicitly
expressed as
Hh =− h¯
2
2µ
[
∂2s
w2
− ρ0κτsin(φ− τs)∂s
w3
+
∂2φ
ρ20
− κsin(φ− τs)∂φ
ρ0w
]− h¯
2
8µρ20w
2
.
(10)
B. Geometric potential and modes in leads
The surface of a helical nanotube Sh together with two
short straight cylinders (as leads) connected at the two
ends is shown in Fig. 1. As expected, when τ → 0,
the Hamiltonian Eq.(10) is to describe the dynamics on
a bent cylindrical surface[28] (here the tube length is as-
sumed less than 2π/κ, otherwise the surface will form a
torus), furthermore, if κ → 0, the Hamiltonian becomes
that for a straight cylindrical surface. It is worthwhile
to notice that the longitudinal curvature of the surface is
discontinuous at both the connections between Sh and
two straight cylindrical leads. However, it is easy to
prove that wave function ψ and its first-order deriva-
tive are continuous at the two connections. For exam-
ple, at s = 0 in Fig. 1, doing the integration
∫ ǫ
−ǫ wds
on both sides of Eq. (9), and letting ǫ → 0, we will ob-
tain dψ
ds
|s=0+ = dψds |s=0−. This gives the system an open
boundary condition.
The geometric potential Vg(s, φ) is described in Fig. 2.
It shows that the geometric potential Vg(s, φ) is periodic
in both φ and s directions. However, along the direction
φ = τs the potential has a constant value. The positions
where maximums appear correspond to inner points on
Sh, contrarily the minimums correspond to outer points.
In compare to the constant potential in the leads Vg =
−h¯2/(8µρ20), the geometric potential on the outer part
of Sh provides an attractive effect for carriers, the inner
part gives a repulsive effect.
The chirality of the helical axis line x(s) is determined
by the sign of τ . For the sake of simplicity, we also define
the chirality of the helical tube by the sign of the torsion
τ of its axis. In geometric potential, the chirality is seen
from the phase term φ − τs in the expression (8). The
distributions of Vg on Sh with opposite chirality are the
same under s→ −s or φ→ −φ.
In the two straight cylindrical leads, the quantum
equation (9) can be separated into longitudinal and angu-
lar components analytically. In the case, the wave func-
tion with respect to energy E can be written in the form
ψ(c) =
∞∑
|m|=0
χm(φ)(ame
ikms + bme
−ikms), (11)
where km =
√
2µEs/h¯, Es = E − ǫm + h¯28µρ2
0
is the lon-
gitudinal energy, ǫm =
m2h¯2
2µρ2
0
is the energy of the an-
gular eigenstate χm(φ) =
1√
2π
eimφ, am and bm are the
coefficients for mode m which is the magnetic quantum
number with m = 0,±1,±2, · · · . For a given energy E,
the number of propagating modes (Es > 0) in the leads
is determined. When Es < 0, the wave vector km for
the corresponding mode m is imaginary, leading to an
evanescent (exponentially decaying) state. It should be
noted that each two modes with equal absolute value of
the quantum number are degenerate, thus the propagat-
ing modes always appear in pairs if we raise the total
energy E.
We assume the electron is injected from s = 0 and
goes out at s = L. For an injection state in mode m,
its wave function is ψin =
1√
2π
eimφeikms, the phase term
can be written as im[φ + (km/m)s], which is analogous
with the term φ − τs mentioned above. Therefore we
can also define the chirality of the injection state by the
sign of m, that is the mode with m < 0 has the same
chirality as the helical tube with τ > 0 and vice versa.
Now we are able to distinguish the degenerate states by
their chiralities. In fact there are many representations
to express those degenerate angular states, for instance,
the states (cos(mφ), sin(mφ)). All different forms are
related by two dimensional unitary transformations. For
example,
1√
π
(
cos(mφ)
sin(mφ)
)
=
1√
2
(
1 1
−i i
)( 1√
2π
eimφ
1√
2π
e−imφ
)
.
(12)
We will refer to the form on the left side of Eq. (12) as
odevity representation, and the form on the right side
as chirality representation. In odevity representation,
modes with angular states cos(mφ) and sin(mφ) are de-
noted by subscript |m|+ and |m|−, respectively; and in
chirality representation, modes with angular states eimφ
and e−imφ are denoted by subscript m and −m, respec-
tively.
Besides, there are constraints to the geometric param-
eters for describing a real helical tube in space. An
4obvious condition is ρ0κ < 1. For analysis, it is con-
venient to describe the axis x(s) by the parametriza-
tion (acosθ′, asinθ′, cθ′) in Cartesian coordinates, with
the curvature κ = a
a2+c2 and torsion τ =
c
a2+c2 . The
period length of the line is lp = 2π
√
a2 + c2 correspond-
ing to azimuthal angle θ′ ranging from 0 to 2π. We have
to ensure that there is no overlap between Sh at θ
′ = 0
and θ′ = 2π, which means 2πc > 2ρ0
√
a2+c2
a
, or equally
πτκ
ρ0(κ2+τ2)3/2
> 1. It should also be noticed that, the pe-
riod of the geometric potential in s direction is Lp = 2π/τ
, which is longer than lp. The torsion τ can’t be too large
to make lp smaller than the lattice size of nanotubes.
III. TRANSMISSION SPECTRA
A. Single propagating mode
We will first investigate the transport properties of he-
lical nanotubes in the case where only one propagating
mode exists, namely the ground state m=0. The trans-
mission of the ground mode in the case of zero torsion
(bent cylinders) has been considered in Ref[28]. Here, we
adopt the same approach to find the twist effects on the
transport property of nanotubes.
For the propagating mode m = 0, the transmission
coefficient as a function of the injection energy Es is de-
scribed in Fig. 3 for the parameters (ρ0, κ, τ , L) with
different values, where L denotes the tube length. In
Fig. 3, Tmn is used to indicate the probability that an
incident wave in the mode m of one lead is transmitted
into the mode n of another lead. For Sh with L < Lp, we
find T00 decreases with increasing ρ0 or κ, this conclusion
is also true in the bent cylindrical case. The increasing
leads to the growth of the amplitude of the geometric
potential that enhances the reflection component of inci-
dent wave. It is obvious that the transmission coefficient
T00 decreases monotonically with increasing τ . From the
right column we find resonant transmission peaks, which
correspond to discrete energy levels in Sh. It is shown
that smaller ρ0 and κ induce lower first resonant ener-
gies, this is also right for shorter helical nanotubes. The
monotonic behaviors of the transmissions for different pa-
rameters in the left column, are just related to the po-
sition of the first resonant energy. As shown in the left
column in Fig. 3, the transmissions corresponding to
lower first resonant energies grow faster.
It should be noted that the transmission tends to van-
ish at zero injection energy, which means the reflection
probability due to curvature is maximum. In effective
mass approximation, the curvature induced geometric
potential plays the role of attractive impurities, which
cause the incident electron scattering. Carriers with
small injection energy will be backscattered by the im-
purities with high probability, hence a big reflection ap-
pears.
In the case L > Lp, the oscillations of T00 indicates
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FIG. 3. (Color online) Transmission coefficient T00 as a func-
tion of the injection energy for surfaces of the helical tube
with different parameters. The left and right column are for
short (L < Lp) and relatively long (Lp < L ≤ 3Lp) Sh, re-
spectively. For ground state m=0, the injection energy is Es.
that smaller ρ0,κ and bigger τ reduce the intervals be-
tween resonant energy levels. Here, the graph for the
dependence of T00 on L is not shown, however, it’s easy
to draw a conclusion that longer Sh produces closer en-
ergy levels from figures already presented. As there is
only one mode m = 0, the transport can be viewed as a
quasi-one-dimensional problem, and we will see from Fig.
4(b) that the carriers tend to propagate along the outer
rim of the surface. This is analogous with the simple case
of one-dimensional square potential well. Here we utilize
the formula from one-dimensional square potential well
to explain these oscillations approximately. The effective
potential width is d = L
√
1 + ρ2τ2, the potential depth
V = − h¯28µρ2(1−ρκ)2 is the minimum of the geometric po-
tential. So the formula for transmission is
T00 =
[
1− sin
2(k′d)
4f(1− f)
]−1
, (13)
where k′ =
√
k20 +
1
4ρ2 [
1
(1−ρκ)2 − 1], f = E/V = −(1 −
ρκ)2(4ρ2k20−1). Thus the resonant energy, corresponding
5to k′d = nπ, is
Es(n) =
h¯2
2µ
{
n2π2
L2(1 + ρ2τ2)
− 1
4ρ2
[
1
(1− ρκ)2 − 1]
}
,
(14)
here, the n is an integer that ensures Es(n) > 0, for
instance, in Fig. 3(d), n > 16. Eq. (14) shows the
dependence of the resonant energy on the parameters in a
helical nanotube with low injection energy. The changes
in energy levels of the system are all originated from the
variation of the shape.
Visualizing the wave functions in Sh can aid in under-
standing the behaviors of transmission coefficients. In
Fig. 4 we have plotted the probability density of states
in a bent cylindrical and a helical nanotube for incoming
wave in mode m=0, at the energy indicated by arrows in
Fig. 3, respectively. For the bent cylindrical nanotube,
as expected, we find that the electrons are tend to local-
ized at the outer rim of the surface where the geometric
potential has a minimum. This also occurs in the helical
nanotube. The beating patterns are seen along the area
where geometric potential valleys appear.
It is interesting that these patterns can be find along
another direction (indicated by the long arrow in Fig.
4), because the distance between the patterns are equal.
These patterns are formed by the interference between
incoming part and reflected part of the wave. The dis-
tance between them is determined by the injection en-
ergy, higher energy means shorter wave length, leading to
shorter distance. Once the maximum of the probability
density appears at the boundary s = L, the transmission
spectra will have a resonant peak. The injection energy
and geometric parameters can determine the position and
intensity of the patterns, and therefore, control the be-
havior of transmission coefficient. By the way, there are
no periodic patterns appearing in the bent cylindrical
nanotube because its length is shorter (L = 2πnm) than
a wave length. It should be noted that for mode m = 0,
both two pictures are nodeless.
B. Symmetry blocking in a bent cylindrical surface
If the injection energy Ei reaches the threshold en-
ergy ǫm, new modes ±m arise in the leads. Next, we
will investigate the transmission spectra for the modes
with first excited angular states in two representations,
the odevity (denoted by subscripts 1+, 1−) and chirality
(denoted by subscripts 1, −1) representations mentioned
above. These two representations are equivalent and mu-
tual referents. We will simply call them Ro and Rc below,
respectively.
A comparison is made in Fig. 5 between the intramode
transmission probabilities for a bent cylindrical and a
helical nanotube. In Rc, it is not surprising that for
the bent cylindrical one there is T1,1 = T−1,−1 (here a
comma is added between two mode numbers for avoiding
ambiguity) due to the symmetry of Hamiltonian H(φ) =
FIG. 4. (Color online) The probability density of states in a
bent cylindrical (above) and a helical (below) nanotube in the
case of an incident wave in mode 0 coming from the boundary
s=0. Parameters are corresponding to the solid lines marked
by the arrows in Fig. 3. The injection energies are Es = 9meV
(above) and Es = 6.4meV (below), respectively. For the he-
lical nanotube, two arrows are used to point the directions
along which the maximum probability density could be found.
H(−φ) (see Eq. 10 with τ = 0). For the helical one, its
Hamiltonian has no this symmetry, resulting in Tmm 6=
T−m−m. While in Ro, the intramode transmissions are
all different for both kinds of nanotubes, owing to the
absence of the symmetry H(φ) = H(φ ± π/2) in each
Hamiltonian. In particular we note that once the energy
exceeds the threshold ǫ1, the mode 1
− is transmitted
almost perfectly.
The intermode transmission probabilities in the two
representations for both the bent cylindrical and helical
nanotubes are given in Fig. 6. Firstly, let us consider the
energy range Ei > ǫ1. It is also noted that for the odd
mode 1− in a bent cylindrical nanotube, both T1−,0 and
T1−,1+ are very low in the energy range plotted (see Fig.
6(b)). Now it is clear that mode 1− has little probabil-
ity to convert into another mode, leading to an almost
perfect intramode transmission T1−1− in Fig. 5(a). The
deep reason of this behavior is the symmetry blocking of
the geometric potential. This effect is that an incident
wave in an odd (even) mode can hardly be converted into
an outgoing wave in even (odd) modes in a bent cylin-
drical surface, as the role of selection rule. Next, we will
clarify how the symmetry blocking affects the transport
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FIG. 5. (Color online) Intramode transmission probabilities
as functions of injection energy Ei for a bent cylindrical (left)
and a helical (right) nanotube with τ = 0.2nm−1. Calcu-
lations are performed in both chirality representation (sub-
script: 1,−1) and odevity representation (subscript: 1+,1−)
for the double-generate first excited states. Common param-
eters for (a) and (b) are ρ0 = 3nm, κ=0.25nm
−1, L = π/κ.
The threshold energy ǫ1 = 24.47meV.
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FIG. 6. (Color online) Intermode transmission probabili-
ties as functions of injection energy Ei for a bent cylindrical
(above) and a helical (below) nanotube with τ = 0.1nm−1.
Calculations are performed in both chirality representation
(left, m = 1, 0,−1) and odevity representation (right, m =
1+, 0, 1−) for the double-generate first excited states. Com-
mon parameters are ρ0 = 3nm, κ=0.25nm
−1, L = π/κ.
The threshold energy ǫ1 = 24.47meV is marked by a verti-
cal dashed line .
in a bent cylindrical surface.
The Hamiltonian for the bent cylindrical surface Hbc
is expressed in Eq. (10) with τ = 0. Now we will make a
rough approximation, and write the Hamiltonian as
H˜bc = − h¯
2
2µ
(
∂2s +
∂2φ
ρ20
)
− h¯
2
8µρ20w
2
. (15)
Here w = 1 + ρ0κcos(φ). We remove some kinetic terms
from the original Hamiltonian Hbc, making the kinetic
part of H˜bc is the same as it for a straight cylindrical
surface (lead). The symmetry Hbc(φ) = Hbc(−φ) is still
preserved. Then the probability amplitudes for scatter-
ing from Lippmann-Schwinger equation[44] can be used,
tmn = δmn+
µ
ih¯2
∑
n′
∫
ds′
1√
kn
e−ikns
′
Vnn′ϕ
m
n′(s
′), (16)
wherem and n denote the mode number of incoming and
outgoing wave, respectively,
Vnn′ = −
∫
dφχ∗n(φ)
h¯2
8µρ20w
2
χn′(φ), (17)
and ϕmn′(s
′) is from the expansion
ψm(s, φ) =
∑
n
ϕmn (s)χn(φ), (18)
here, ψm(s, φ) is the wave function in the bent cylindrical
surface when a wave in mode m is injected.
Because of the symmetry, ψ(s, φ) must be an even
or odd function in φ direction. In odevity representa-
tion, if the incoming wave is in an odd mode, m = j−,
j = 1, 2, 3, ..., as a boundary condition, ψ(s, φ) is an
odd function, similarly, the incoming wave in an even
mode corresponds to a wave function which satisfies
ψ(s, φ) = ψ(s,−φ). Hence, in the case of incoming wave
in an odd mode, all the functions ϕmn (s) in Eq. (18)
with n = j+ vanish because of the odevity. For the sum
in Eq. (16), only the terms with n′ = j− are nonzero
(here n = 0 can be viewed as an even mode). Further,
as the geometric potential is an even function of φ, if the
mode n and n′ have different odevities, the matrix ele-
ment Vnn′ also vanishes. We have mentioned n
′ = j−,
so only the transmission amplitude with n = j− possess
nonzero value. This means that the incoming wave with
an odd mode can only be transmitted into outgoing wave
with odd modes. The same analysis for the incident wave
in even modes also implies that, the incoming wave with
an even mode can only be transmitted into even modes.
Now we know that T1−,0 and T1−,1+ are small because
the mode 1− have different odevity with mode m = 0
and 1+. However, we note that the two transmission
coefficients are very low but not zero. These nonzero
values are just the contributions of the kinetic terms we
have thrown away in Eq. (15) from the real Hamiltonian
for a bent cylindrical surface.
C. Fano resonance
In Fig. 6 we notice that some transmission coefficients
have strange behaviors when Ei approaches ǫ1. For this
region, we choose Fig. 6(b) and (d) and magnify them
in Fig. 7, additionally, the total transmission probability
T is also presented. By comparing T in both cases, we
find that a slightly asymmetric Fano dip going to zero
appears at the energy just below the threshold energy
ǫ1 in the transmission spectra for the helical nanotube,
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FIG. 7. (Color online) Total transmission probability T and
intermode transmission coefficients T01− (dash line) and T01+
(dot-dash line) for a bent cylindrical (left) and a helical (right,
τ = 0.2nm−1) nanotube. Common parameters for (a) and (b)
are ρ0 = 3nm, κ=0.25nm
−1, L = π/κ. The threshold energy
ǫ1 = 24.47meV.
however, this doesn’t happen in the bent cylindrical nan-
otube. This dip is due to the quasibound state splitting
off from a higher evanescent channel[45]. It is rather clear
when we focus on T0,1− in Fig. 7(b), which even exceeds 1
and gets a maximum (which can’t be seen in the figure)
at the energy of zero point of the dip. It may be sur-
prising that the transmission coefficient is greater than
unity, while this is reasonable since the mode 1− is an
exponentially decaying evanescent mode when Ei < ǫ1.
The evanescent mode has no contribution to the current
in leads, so it is not subject to the current conservation
principle. This quasibound state is mainly generated by
the bound state of channel 1− getting embedded into the
continuum spectrum of channel m = 0, corresponding to
a complex energy. The position of the dip shows the real
part of the quasibound state energy, and the imaginary
part describes the width of the resonant dip. The chan-
nel mixing is mainly due to the geometric potential in
Sh.
For the bent cylindrical nanotube, both T01+ and T01−
are so small, indicating that no quasibound state causes
the Fano resonance. The small T01− can be interpreted as
the symmetry blocking of Vg in a bent cylindrical surface,
however this can not explain why T01+ is small around
the energy ǫ1. We guess the reason is that the even (cosi-
noidal) angular state in the bent cylindrical surface cor-
responds to a higher energy far away from the threshold
energy ǫ1, hence there is no discrete energy level corre-
sponding to even angular state merges with the contin-
uum spectrum, to generate a quasibound state. Briefly,
symmetry blocking effect prevents the forming of qua-
sibound state in bent cylinders, leading to the absence
of Fano resonance, while in helical nanotubes, because
of the torsion, symmetry blocking does not exist, hence
Fano dips appear.
In order to make the physics of the process more clear,
in Fig. 8, we have plotted the probability density of the
state in Sh for incoming wave with m = 0, at the energy
corresponding to the minimum of the dip in Fig. 7(b).
By comparing with Fig. 4, for the energy corresponding
to the dip, we find two nodes in the angular direction,
FIG. 8. (Color online) The probability density of the state
in a helical nanotube in the case of an incident wave in mode
m = 0 coming from the boundary s=0, at the energy corre-
sponding to the minimum of the dip in Fig. 7(b). Geometric
parameters are the same with Fig. 7(b).
φ = π and φ = 0(2π). This nodal structure[44] is in fact
the characteristic belong to the next sinusoidal mode 1−.
The ground mode m = 0 is resonantly backscattered due
to coupling to the evanescent state in the next modes,
namely, the mode 1−. A beating pattern due to the in-
terference of the incoming and reflected wave is also seen
in the region φ = 3π/2.
D. Symmetry of S-matrix and degenerate state
In the bent cylindrical case, in Rc we find T0,−1 = T1,0
and T0,1 = T−1,0 , and in Ro there is also Tm±n± =
Tn±m± , m,n = 0, 1. These equalities are due to the time
reversal invariance of the system. After a time reversal,
an incoming wave with mode m will become an outgoing
wave with mode −m in Rc, while in Ro, an incoming
wave in mode m± will turn into an outgoing wave in
the same mode m±. So we can deduce that, for a bent
cylindrical surface, general relations Tmn = T−n,−m and
Tm±n± = Tn±m± are true for any number of propagating
modes in Rc and Ro , respectively. This is also the reason
why T1,−1 6= T−1,1 in Fig. 6(a).
However, the two relations are failed in describing
the intermode transmissions for a helical nanotube, even
though the time reversal symmetry is still preserved.
What is more, we find another equality T1,0 + T−1,0 =
T0,1 + T0,−1 = T1+,0 + T1−,0 = T0,1+ + T0,1− in this case.
Why cannot the time reversal symmetry ensure the
equality of intermode transmission coefficients in the he-
lical nanotube? Here we try to give an explanation from a
perspective of S-matrix. The symmetry properties of the
scattering and transmission matrices in quantum trans-
port have been precisely deal with in previous litera-
tures[46,47]. Here we consider the problem in coherent
transport with double-degenerate injection states. We
will show that a pair of double-degenerate states can be
viewed as a state with two degrees of freedom, which
is reminiscent of fermion spin, thus the violation of the
8symmetry property of the S matrix can be seen as arising
from an effective ”magnetic field” induced by the torsion
of the nanotube.
Generally, the unitary S-matrix relates the incoming
wave ψin and outgoing wave ψout,
{ψout} = S{ψin}, (19)
where {ψ} denotes all possible incoming or outgoing
states. It can also be defined in terms of reflection ma-
trices R and transmission matrices T [31]
Smn =
[
Rmn T
′
mn
Tmn R
′
mn
]
. (20)
Because of the absence of magnetic field, the time-
reversal symmetry is not broken, we have another re-
lation
{ψin}∗ = S{ψout}∗. (21)
Combining Eq. (19) and Eq. (21), and considering the
unitary property, we obtain ST = S, which shows the
symmetry of S-matrix.
However, if {ψin} and {ψout} contain degenerate
states, the problem need to rethink. In our case, de-
generation happens in excited angular states in leads. In
fact we can not determine the exact form of a pair of
double-degenerate states, since any possible form can be
transform into another possible form by a unitary ma-
trix U . That is, every pair of double-degenerate states
corresponds to an arbitrary unitary matrix. For exam-
ple, in odevity representation, ignoring the longitudinal
part, themth degenerate angular states in incoming wave
should be written as
{ψin}m = U
(
sin(mφ)
cos(mφ)
)
, (22)
where U is an arbitrary two dimensional unitary matrix,
which can be expressed as
U =
(
a b
−b∗ a∗
)
, (23)
here, a and b satisfy |a|2 + |b|2 = 1. Therefore, for de-
generate states, in odevity representation, the relation
between the mth outgoing degenerate modes and the nth
incoming modes is
{Uout}m
(
sin(mφ)
cos(mφ)
)
= Smn{Uin}n
(
sin(nφ)
cos(nφ)
)
, (24)
where Smn is a 2 × 2 submatrix in S. In a fixed repre-
sentation, both series of matrixes {Uin} and {Uout} are
determined by initial phases of the incoming wave in φ
direction. So far, it is clear that the transmission coef-
ficients we have calculated for degenerate modes are in
fact the elements of
S˜ = {U−1out}S{Uin}. (25)
Once {Uin} or the initial phases are fixed, {Uout} are
determined automatically. The initial phases are trivial
in the transport problem, but the phase differences be-
tween the two leads are nontrivial. We assume {Uout} =
{W}{Uin}, where {W} are also 2 × 2 unitary matrices,
and set {Uin} = I, where I is the identity matrix. Follow-
ing the procedure above, we find S˜T = {W−1}S˜{WT }.
This means the degenerate subspaces experience unitary
transformations under the time reversal.
For a bent cylindrical nanotube, the wave function can
be separated ψ(s, φ)=ψ(s)ψ(φ), so the phase in φ direc-
tion at s = 0 are identical to it at s = L, which means the
initial phase is preserved during the transmission. Thus,
we can deduce {Uout} = {Uin}. This equality results in
S˜mn = S˜nm, which is observed in Fig. 6. For the heli-
cal nanotube, because of the coupling phase φ − τs, the
wave function cannot be separated in two parts, showing
no property to keep the initial phase along s direction,
the unitary matrices {W} are no longer identity matri-
ces. In this case, S˜ loses the symmetry. However, due
to the unitarity of Uin and Uout in S˜ and time reversal
symmetry of the system, we can still prove that, in any
representation, there is∑
i,j
Smi,nj =
∑
i,j
Sni,mj , i, j = 1, 2, (26)
where m1 and m2 denote two components of the m
th
double-degenerate states in a specific representation, re-
spectively. The equalities T1,0 + T−1,0 = T0,1 + T0,−1 =
T1+,0 + T1−,0 = T0,1+ + T0,1− , which are showed in Fig.
6, are special examples of Eq. (26). Eq. (26) also implies
that the total transmission is independent of the choice
of representations.
Therefore, from an overall perspective, the double-
degenerate states are equal to a state with two degrees of
freedom, similar to the spin of a fermion. For a spin-1/2
system, a magnetic field can lift the degeneracy of spin,
giving asymmetric properties for particles with opposite
spin orientations, and break the time reversal symme-
try of the system. In our case, the coherent transport
is also asymmetric for the two components of degenerate
states, and the time reversal symmetry is partly broken in
the subspaces form by degenerate states. So the torsion
of the nanotube may act as an effective magnetic field
which induces a ”Zeeman coupling” between the ”mag-
netic field” and the degenerate subspaces.
IV. CONDUCTANCE
Based on Landauer conductance formula[48,49], the
conductance of helical nanotubes versus the injection en-
ergy Ei at zero temperature is shown in Fig. 9, for differ-
ent τ and L. The bias is assumed very small. Apparent
deviations from the steplike structure belong to straight
cylindrical surfaces appear. For a straight cylinder, the
double-degenerate modes contribute equally to the con-
ductance[50], an abrupt step from G0 to 3G0 should arise
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FIG. 9. (Color online) Conductance of a helical nanotube in
units of G0 = 2e
2/h as a function of injection energy at zero
temperature, for different τ (upper panel) and different length
L (lower panel). Other geometric parameters: (a) ρ0 = 3nm,
κ=0.25nm−1, L = π/κ; (b) ρ0 = 3nm, κ=0.25nm
−1, τ =
0.2nm−1. Note that the conductance for a bent cylindrical
nanotube is also presented in (a). A detailed view around the
dips is presented in the insets. The threshold energy ǫ1 =
24.47meV.
at the threshold energy ǫ1, where G0 =
2e2
h
is the quan-
tum of conductance, with h the Planck’s constant. The
deviations show the geometric effect on conductance.
In a short (L = π/κ) helical nanotube, the conduc-
tances immediately reach about 2G0 after the thresh-
old, and then get to 3G0 through an approximate linear
growth. By increasing the torsion τ , the growth from
2G0 to 3G0 becomes slower, leading to shorter plateau
of 3G0. While if the nanotube becomes longer, without
changing other parameters, we find the growth from 2G0
to 3G0 is no longer linear, instead, a new plateau of 2G0
with width about 20meV is formed. It seems that one
of the double-generate states propagates perfectly, while
the other one is completely reflected in the energy range
of this plateau. In the helical nanotube, eigenstates are
no longer degenerate, leading to the separation of trans-
mission channels for a pair of degenerate modes. We have
conclude that longer nanotubes create closer energy lev-
els. Therefore, the more concentrated energy levels ex-
acerbate this separation and give a new plateau.
Next we focus on the variation of the dip induced by
changes of τ and L. As mentioned above, this Fano reso-
nance is caused by a bound state being embedded in the
continuum of the energy spectrum, forming a quasibound
state. Both τ and L can change the energy spectrum, in-
cluding the energy of the bound state and continuum,
and then change the dips. From insets of Fig. 9, the
dip energy shifts to right with τ increasing, but with L
decreasing. So we conclude that the real part of the qua-
sibound state energy in a helical nanotube is increased
by the twist, and decreased by its length. In a longer
nanotube, the dip is clearly wider than it’s in a shorter
one, which means the quasibound state energy getting
a greater imaginary part. We stress that the length of
the longer nanotube is smaller than 2Lp here. For a long
helical nanotube, which is beyond the scope of this arti-
cle, the periodicity of geometric potential will make the
transport property more complicated, thus the conclu-
sion we have mentioned above may be not suitable. In
addition, the conductance for a nanotube with smaller ρ0
will possess wider plateaus because the threshold energy
ǫm is inversely proportional to ρ
2
0.
V. CONCLUSION
In this work, the expected Schro¨dinger equation for a
particle bound to the surface of a helical nanotube has
been briefly given by the thin-layer quantization proce-
dure. The geometric potential in the equation is periodic
in both φ and s directions, but is a constant in the direc-
tion φ = τs.
Using QTBM, we have calculated the transmission
probability for the injected wave in the single mode and
multimode. In the single propagating mode case, before
the first resonant transmission peak appears, the trans-
mission coefficient increases monotonically with increas-
ing ρ0 and κ, but decreases with increasing τ . The energy
intervals are substantially affected by ρ0, κ, τ and L. For
the probability density of state in the helical nanotube,
periodic beating patterns appear along the outer rim of
the helical nanotube, showing nodeless characteristic. In
multimode case, Fano resonance appears as a multimode
phenomenon purely originated from the geometric po-
tential in helical nanotubes, but doesn’t happen in bent
cylindrical systems. This resonance is due to quasibound
state splitting off from the evanescent channel. Sym-
metry blocking in bent cylindrical surface, owing to the
symmetry in angular direction, has been discovered and
interpreted in Lippmann-Schwinger equation. The ab-
sence of Fano dip in the conductance for bent cylindrical
nanotubes can be explained by this effect.
Equalities on transmission coefficients induced by the
10
symmetries of the systems are found. By distinguishing
the double-degenerate states in a certain representation,
we clarify that the transmission coefficients are the ele-
ments of a modified S-matrix. It is found that for the
bent cylindrical system and the helical system, this ma-
trix has the different symmetry. The property of the
modified S-matrix shows that the torsion of the helical
nanotube can induce unitary transformations to the de-
generate subspaces under time reversal.
Finally, the conductance of helical nanotubes for dif-
ferent torsion and length was analyzed. It is found that
the two parameters can significantly change the behav-
iors of the conductance, especially shift and change Fano
dip. A new plateau appears in the conductance when the
length of the nanotube is suitable.
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